1. Since a great many well known properties found about angles, or arcs, and the sines, cosines, tangents, cotangents, secants and cosecants of them have been derived from the consideration of arcs increasing in arithmetic progression, those properties which one may deduce from the consideration of arcs proceeding in geometric progression seem no less noteworthy, since for the most part the truth of these seem much more concealed; therefore I am determined here to unfold many properties of this kind.
2. The starting point that presents itself to us for these types of speculations is the very well known formula 1 sin. 2ϕ = 2 sin. ϕ · cos. ϕ.
If s denotes any arc or angle, then sin. s = 2 sin. and if one continues in this way to infinity, with i denoting an infinite number or rather an infinite power of 2 we will have sin. s = i sin. Translator: Here l denotes the logarithm with base 10. To determine the approximate sum of the remaining terms, namely log sec π 2 k+1 from k = 9 to k = ∞, one can use the Euler-Maclaurin summation formula applied to the function f (x) = log sec π 2 x+1 . However, the integral of f (x) cannot be expressed in a closed form. I don't know if there are easier ways to approximate this sum. 6. If we differentiate the last equation for a second time we will come to a much more convergent series; for since it is
we will get 7. Let us apply this reasoning to arcs which decrease in a triple ratio; to this end let us consider the formula sin. 3ϕ = 4 sin. ϕ cos. ϕ 2 − sin. ϕ = sin. ϕ(3 − 4 sin. ϕ 2 ), which gives
so if s denotes any arc, it will be sin. s = 3 sin. so that now sin. s = 9 sin. If such substitutions are continued to infinity, as before one will be led at last to this expression sin. s = s 1 − 4 3 sin. 8. This factors are too complicated, and one may resolve them into simpler ones in the following way; namely, because sin. 9. If we now take logarithms and differentiate all the terms, the numerical factors 3 4 , since they are constants, will completely disappear from the calculation; and since as we saw before d.l. sec. ϕ = dϕ tag. ϕ, the following equation will be obtained It will be helpful to probe this by an example. Therefore let s = π 2 , and it will be 10. This last series seems all the more noteworthy because scarcely anyone would have been able to demonstrate its truth unless the same method were used. This series is without doubt much of a much higher level of investigation than those to which we were led by the expansion of the previous case, with i denoting an infinite number. Since the arc s i is now infinitely small, cos. s i = 1 and indeed the sine of this arc will be equal to s i , whence this final term will be = 1 s , which is the same value that was found equal to the series. 11. And for the present case the direct demonstration which is to be given is exhibited from that formula by which the tangent of thrice an angle is expressed. For if one puts tag. ϕ = t, since one has
it will be cot. 3ϕ = 1 − 3tt 3t − t 3 and 3 cot. 3ϕ = 3 − 9tt t(3 − tt) .
Then one subtracts cot. ϕ = 1 t and it will be
then in place of t let us substitute its value sin. ϕ cos. ϕ and we will have 12. Now, by writing s in place of 3ϕ for our case we get at once
Indeed in a similar way it will further be 1 3 cot. One can proceed further in exactly the same way, but truly the resulting series would be too muddled than would deserve our attention.
